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We construct a supersymmetric rotating black hole with asymptotically flat four-dimensional 
spacetime times a circle, by superposing an infinite number of BMPV black hole solutions at the 
same distance in one direction. The near horizon structure is the same as that of the five-dimensional 
BMPV black hole. The rotation of this black hole can exceed the Kerr bound in general relativity 
(q = a/GiM = 1), if the size is small. 
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I. INTRODUCTION 



One of the most promising approaches to unification 
of fundamental interactions is a superstring theory, or 
M-theory |lj, |2( ■ Such unified theories are formulated in 
dimensions higher than four with gravitational interac- 
tions. From this perspective, it is important to study 
properties of black hole solutions in higher dimensional 
theories 0, and it turns out that they show a variety 
of new and interesting properties. For example, there is 
no uniqueness theorem for black holes in higher dimen- 
sions A, 5j. In fact, we have a new type of black object, 
which is the so-called black ring with horizon of a topol- 
ogy of S 1 xS 2 . 

Those solutions are obtained in the effective supergrav- 
ity theories in the low-energy limit. Among others, super- 
symmetric solutions are expected to be important for the 
following reason. The black hole solutions in the effective 
supergravity theories will in general receive higher-order 
corrections in the string coupling constant. However, in 
the presence of unbroken partial supersymmetry, there 
are certain properties on which such higher-order effects 
can be ignored. For instance, the microstate counting of 
the black holes is performed in the corresponding string 
solutions at the lowest order in the string coupling, with 
result in perfect agreement with the Bekenstein-Hawking 
entropy. The underlying reason for this agreement is the 
remaining partial supersymmetry because the numbers of 
dynamical degrees of freedom cannot change under the 
change of the coupling constant in the BPS representa- 
tion, which guarantees that the countings of the states 
in the weak and strong coupling regions should be the 
same. Therefore, supersymmetric black hole (or black 
ring) solutions are useful laboratories to examine proper- 
ties which do not depend on perturbation and are much 
discussed in the literature (HQ, HI- 

Since our world is four-dimensional, we should discuss 
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four-dimensional (or effectively four-dimensional) black 
holes with supersymmetry. In higher dimensions, there 
is no uniqueness theorem and we can easily find super- 
symmetric black holes for the case of spherically sym- 
metric and charged black holes. On the other hand, in 
four-dimensional spacetime, it is known that the Kerr- 
Newman black hole is the unique solution, but it is not 
supersymmetric unless rotation vanishes. Furthermore, 
there is even an argument that the event horizon of a 
supersymmetric black hole must be non-rotating |9j- It 
is thus interesting to find rotating supersymmetric so- 
lutions which are (effectively) four-dimensional. In five 
dimensions, there is no such restriction and it is already 
known that there is a supersymmetric rotating black hole 
called the BMPV black hole ^(ji an d a supersymmetric 
black ring [Hill 

Recently, Refs. m El 13 m 

constructed interest- 
ing rotating black hole solutions with asymptotically 
flat four-dimensional spacetime. Some of them use 
five-dimensional supersymmetric black ring solutions in 
Taub-NUT base space |l5|, [l6|, [IT) • Here we present an- 
other example which is obtained by superposing an infi- 
nite number of the BMPV black holes at the same dis- 
tance in one direction, which can be regarded as a rotat- 
ing supersymmetric black hole in a compactified space- 
time. We discuss their properties including thermody- 
namic quantities. Similar techniques of compactification 
has been discussed for extreme Reissner-Nordtsrom black 
holes in five dimensions jig . 

For the case of non-BPS black holes, we can consider 
deformation of a black hole in a compactified space- 
time fijl and a transition from black string to black 
hole |2(j]. The localized black hole may be preferred 
when the compactification radius is large compared with 
the radius of the sphere of a black string because of the 
Gregory-Laflamme instability [2l|. It is a subtle ques- 
tion if such a topology change occurs in the gravitational 
theory. In our case, however, because the solutions are 
supersymmetric, there is no force between them and it 
is possible to superpose these without any deformation. 
No such subtle instability is expected in our case, which 
may be considered an advantage of our solutions. 

This paper is organized as follows. In the next section, 
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we present our explicit solution for compactified BMPV 
black hole which is obtained by compactification of one 
dimension. In Sec. IIIII we examine its near horizon and 
asymptotic structures, entropy, rotation and supersym- 
metry. 



II. A COMPACTIFIED BMPV SOLUTION 

In the previous paper [2^|, we showed that five- 
dimensional rotating spacetimes can be constructed by 
compactifying 11-dimensional stationary solutions with 
intersecting branes in M-theory. We started with a 
generic form of the metric and solved the field equations 
(the Einstein equations and the equations for form fields). 
Assuming the intersection rule for branes |23| , we derived 
the equations for each metric. We found that most of 
the metric components are described by harmonic func- 
tions. One metric component /, which describes a travel- 
ling wave, is determined by the Poisson equation, whose 
source term is given by the quadratic form of the "gravi- 
electromagnetic" field Tij . In some specific configuration 
of branes, e.g., for two intersecting branes (M2_LM5), the 
source term vanishes. In these cases, all the harmonic 
functions are independent. We can recover the BMPV 
rotating black hole solution in the simplest case. 

Since the basic equations are linear (Laplace equa- 
tions), we can easily construct various solutions by su- 
perposing those harmonics. Using this fact, here we con- 
struct an effectively four-dimensional rotating black hole 
with supersymmetry. In order to preserve 1/8 supersym- 
metry, we have to impose that Tij should be self-dual. 

Let us start with the metric in five-dimensions: 



ds\ = -S 2 (dt 



Aidx 1 ) 



(2.1) 



where S = [H 2 H 5 [1 + /)] 1/3 . ds| 4 is a four-dimensional 
Euclidean space (x l ) — (x, y, z, w). /, Ha(A — 2, 5), and 
Ai are metric functions, which will be determined later. 
Adopting the hyperspherical coordinates: 



x + iy = p cos ( 



z + iw = — psin( 



(2.2) 



where < cj), ip < 2ir and < 8 < ir/2, we have the line 
element of four-dimensional Euclidean space: 



dsg 4 = dp 



2 1 p 2 (d9 2 + cos 2 



+ sin 2 9dip 2 ) ■ (2-3) 



The unknown metric functions Ha{A = 2,5), Ai and 
/ satisfy the following equations: 



d 2 H A = 0, 
d 2 f = 0, 
dtdpAfl = . 



(2.4) 
(2.5) 
(2.6) 



The simplest rotating spacetime solution of these equa- 
tions is given by the so-called BMPV solution 



{A) 

H A = 1 + ^, 
n p 

r _ VP 

A,p = v cos2 e ' 

A^ = ^ sin 2 9 . 



(2.7) 
(2.8) 

(2.9) 

(2.10) 



where Qa, J4,, and are charges and angular mo- 

menta. Note that supersymmetry of the BMPV solution 
imposes the condition = —J^. The electric fields are 
given by 



E 



(A) 



1 



(2.11) 



Since the origin of coordinate system can be shifted by 
any distance, we can move such a black hole to any po- 
sition. Also because the basic equations l|2.4(l . (|2.5|l . and 
()2.6(l are linear, we can superpose those black hole solu- 
tions at different positions. Especially, if we superpose 
an infinite number of black holes, each of which is sepa- 
rated by the same distance in one direction, we obtain a 
periodic BMPV black hole solution. It can be regarded 
as a deformed BMPV black hole in a compactified five- 
dimensional spacetime. We call it a compactified BMPV 
black hole (a CBMPV black hole). 

Let us now present its explicit solution. Suppose that 
an infinite number of black holes exist along the u>-axis 
with the same coordinate distance 27ri?5, with R5 denot- 
ing the compactification radius at infinity. By superpos- 
ing those black hole solutions, we have 



Ha = l + Q^ £ 

/ 
A^ 



r 2 + (w + 2irnR 5 ) 



Qo £ 

n— — 00 

00 

E 



r 2 + (w + 2irnR 5 ) 2 ' 



x 2 + y 2 



~2 ^ \r 2 + (w + 2irnR 5 ) 2 } 2 '' 



J, 



z 2 + (w + 2TmR 5 ) 2 



T ^ [r 2 + (w + 2TrnR 5 ) 2 } 2 ' 



2. (2-12) 



(2-13) 
(2.14) 
(2.15) 
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Introducing a new function 

oo 



1 



sinh£ 



£ 2 + (v + 27rn) 2 2£ (cosh^ — cos 77) ' 
and setting f = r/R$ and w = w/R^ , we obtain 

sinh f 



/ 



1 + -^-Ffrw) = 1 , r 

2R 2 v ' 7 o r?2 



Qo 



2i? 2 r (cosh r — cos w) 
sinh f 



2i? 2-F(r,w) 2 i?2f (cosh f- cos «>)' 
J x 2 + f dF(f, w) _ J (x 2 + y 2 ) 



2R 2 2f 



^■0 

2if 
8Rl 



F 



dr 

x 2 + y 2 dF(f, w) 



8R 2 



(cosh r cos w — 1) sinh r 

(coshf - cosw) 2 f (cosh f- cos w) 



2r <9r 
(x 2 + ?/ 2 ) (cosh f cos w - 1) (f 2 + f 2 ) 



sinh r 



(coshr — cos w) 



r (coshr — cosu>) 



(2.16) 



(2.17) 
(2.18) 

(2.19) 



(2.20) 



Since this solution is periodic in the w-direction with 
the period 2nR 5 , it can be regarded as a deformed BMPV 
black hole in a compactihed five-dimensional spacetime 
(— 7ri?5 < w < ttR^) with supersymmetry (if = —J^). 
In the following sections, we analyze the properties of 
this solution. 



III. SPACETIME STRUCTURE OF A 
COMPACTIFIED BMPV BLACK HOLE 

A. horizon 

The horizon exists at (r, w) = (0,0). Setting x = 
ecos#cos</>, y = e cos 9 sin </>, z — e sin 9 cos ip, w = 
e sin 9 sin ip (e <C 1), we find the behavior of the metrics 
near horizon to be 



H A = 1 



R 2 e 2 ' 



f = 



Qo 

Rh 2 ' 



Jrh 



2i?ge 



2^2 



A 



2i?ge 



2^2 



(3.1) 

(3.2) 



This is exactly the same near-horizon structure as that 
of the BMPV black hole. Hence the horizon structure 
is not modified by superposion of an infinite number of 
black holes. This is due to the BPS properties of the 
solutions which guarantee the no-force condition between 
the black holes of the solutions. It is just the same as 
the case of superposition of extreme Reissner- Nordstrom 
black holes. 

The area of the horizon is given by 



A H = 2n 2 jQ Q^Q^ - J 2 /8, 



(3.3) 



B. asymptotic structure 

The metric describes the five-dimensional spacetime, 
but it behaves effectively as the four-dimensional space- 
time (times a circle) when an observer is far from the 
black hole. In fact, iu-direction is compactified with 
the period 27ri?5, while the other spatial directions are 
not (0 < r < 00). In Fig. ^ we depict equipotential 
lines for "gravitational potential" / (or Ha)- The origin 
((r, w) = (0,0)) is horizon of a black hole. The potential 
depends nontrivially on the compact direction w near a 
black hole, but the metric asymptotically approaches flat 
four-dimensional Minkowski times the w-circle. Near in- 
finity, the metric becomes independent of the coordinate 
w. 




where J 2 = (J? 



FIG. 1: Equipotential lines for "gravitational potential" 
f(r,w). The dotted lines (it) = —irRi, and w = irRs) are 
identified to compactify the ^-direction. 
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The structure of this black hole is schematically given 
in Fig. |21 (a). For reference, we also show the structure of 
another supersymmctric rotating black hole solution with 
asymptotically flat four-dimensional spacetime, which is 
obtained by use of a black ring solution in Taub-NUT 
base space [Hill [13. We call it a RING black hole. 



OX * 

BMPV black hois in a compactified spacetime 

asymptotically flat region 




A black ring In Taut) NUT 



FIG. 2: The schematic pictures of a CBMPV black hole (a) 
and a RING black hole (b). 



The RING black hole is embedded in a curved Taub- 
NUT space. The asymptotic region is four-dimensional 
Minkowski spacetime (Fig. 0(b)). The CBMPV black 
hole exists in a compactificd 5D spacetime obtained by 
compactification of the fifth direction (Fig. 01(a)). Both 
spacetimes have asymptotically flat 4D Minkowski space- 
time with small compactified dimension (its radius is R5), 
but those horizons are five-dimensional. 

Let us now examine how the asymptotic four- 
dimensional spacetime looks like. Introducing the three- 
dimensional spherical coordinates (r, O, $), which are de- 
fined by the transformations 

x = f sinOcos<E>, 
y = f sinOsin<E>, 

z = fcos6, (3.4) 
our metric is rewritten as 



where 



dr 



dt + A<hd<$> 



E- 1 (df 2 



(r 2 cos 2 
2 dn 2 + dw 2 ) 



-w cos Qdr + rw sin 0e?0 + r cos Qdw) 



(3.5) 



sinh r 



cosh r cos ? 



r (cosh r — cos w) (cosh r — cos w) 2 



Ajh — 



8Rl 



(1 + cos 2 e) 



sinhr 



r(coshr — cos w) 



9 „ cosh r cos w 
sir 6- 



(coshr — cos wy 



(3.6) 



In the asymptotic region (f ^> u>), we can make a 
Kaluza-Klein reduction of the near-asymptotic metric 
in the w direction. We then find the effective four- 
dimensional metric, which can be written in the Einstein 
frame as 

ds 2 4 = -S 3/2 (dt + A^d<S>) 2 

+ S~ 3 / 2 [df 2 + f 2 (dG 2 + sin 2 6d$ 2 )] , (3.7) 

where 



H A = 1 



1 Q { H A) 



f = 



2R\ 
1 Qo 



2Rj f ' 
1 J4, 
" 8Rl f 



sin 2 6 . 



Comparing this with the asymptotic form of the four- 
dimensional Kerr-Newman metric, we get a gravitational 



mass of the black hole M and a rotation parameter a, 
which is the angular momentum per unit mass: 



GaM 



{Qo + Q% ] + Q% ] ) 



8i?5 



G5MADM 
27ri? 5 



G 4 Ma = 



■Jrh 



(3.9) 



16i? 5 

where G4 = G^/i^irR^) is the four-dimensional gravi- 
tational constant and Madm is the ADM mass of the 
BMPV black hole. The rotation parameter is given by 
a = J 4 ,/[2{Q + Q% ) +Q% ] )]. 

From the asymptotic form of the electric fields 



1 



2R 5 



(3.8) we also find the charges in four-dimensions are 



Qa = 



2R5 



(3.10) 



(3.11) 
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C. entropy 

The entropy of the present black hole is given by that 
of the BMPV black hole, i.e. 



S, 



CBMPV 



4G 5 2G 5 



Q Q% ] Q% ] ~ (3.12) 



Setting Q( A ^ = a^ A 'Qo (A = 2,5), and assuming super- 
symmetry i.e. = — Jjf,{— J), we find 



S, 



CBMPV 




(3.13) 



where r g = 2G 4 M is the Schwarzschild radius of a black 
hole mass M. and 



A = 



32a( 2 )a( 5 ) i? 5 ' 

(ratio of the BH size to the compactification scale) 



2 _ 



G\M 2 



, (Kerr rotation parameter) 



4a( A ) 



G 4 M 1 + a( 2 ) + a( 5 ) 
(normalized charges) 



, 04 = 2,5) 



(3.14) 



For reference, we show the entropy of Kerr-Newman 
black hole, which is given by 



following reason. In four-dimensional general relativity, 
rotation of a black hole is bounded by a critical value 
(the Kerr bound [q = 1]), beyond which there appears 
a naked singularity. However, if we discuss a black hole 
in superstring/M-theory, we can find an effectively four- 
dimensional compact object with q > 1 without a naked 
singularity. Observation of such a regular compact object 
with q > 1 might provide us an indirect evidence of extra 
dimensions. 




2 e 



FIG. 3: A rotation parameter q with respect to a normalized 
charge e for extreme black holes. The Kerr-Newman black 
hole has the maximum value of rotation parameter, which 
is q = 1. On the other hand, The maximum value for a 
CBMPV black hole can be larger than unity if the size is 
small (r g < (32/27)_R 5 ). 



5] 



KN 



7JT£_ 

2G 4 



(3.15) 



where r g and q are the same as above and e is a normal- 
ized charge of Kerr-Newman black hole. 



D. 



rotation 



For the Kerr-Newman black hole, we have one con- 
straint for the existence of regular horizon, which is 
q 2 + e 2 < 1. The equality gives the extreme limit. So 
we find maximal rotation from this condition, that is 
q 2 = 1 — e 2 . The Kerr black hole (e = 0) gives maxi- 
mal rotation q = 1 in the extreme limit. 

For a CBMPV black hole, we have a constraint of A 2 < 
l/q 2 . Suppose two charges are the same (Q 2 = Q5). 
Writing A 2 in terms of e 2 = e§ = e, we find a relation 
between q and e in the extreme limit (the equality of the 
above condition) as 



<Z 2 = e 2 (2-e) 



R 5 
r„ 



(3.16) 



which is shown in Fig. [3] The maximum value of q is 
32/27 x (rg/Rr,)- 1 at e = 4/3. Hence if r g /R 5 < 



Q 2 

^max 



32/27, the value of q at maximum rotation exceeds unity 
(the Kerr bound). This fact may be important for the 



A similar discussion gives a bound on the size of black 
hole. The constraint A 2 < l/q 2 imposes that the size of a 
black hole must be smaller than some critical value, i.e. 



< r g c ^ , where 



ri cr ) = 2G 4 M( cr ) ee 



32«( 2 ) a ( 5 ) 



1 



v(2) 



a (5))3 g 2 



R 5 . (3.17) 



Let us check how restrictive this constraint is. If 
the black hole is rapidly rotating, i.e. q ~ O(l) and 
all charges are of the same order of magnitude, i.e. 



,(2) 



, (5) 



O(l), then we find r 



(cr) 



Rk. As for the 



scale of extra dimension R$, we have a constraint by the 
experiment of Newtonian gravity, i.e. R§ < 0.1 mm |24j . 
which gives the upper limit for the mass of CBMPV black 
hole, that is, about 10 27 g. A rapidly rotating CBMPV 
black hole could be realized if its mass is smaller than 
this critical value. 



E. supersymmetry 

The asymptotic metric can be considered to describe 
effectively a four-dimensional rotating object. It con- 
tains only one rotation, that is A$. No A^, appears 
in the effective four-dimensional metric. However, su- 
persymmetry is preserved if and only if Tij is self-dual, 
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i.e. Jj, = — J0. Since the effective metric does not con- 
tain the information about , one may wonder whether 
this spacetime is supersymmetric or not. In particular, 
non-supersymmetric CBMPV black hole ( ^ — J^) also 
gives the same asymptotic structure as that of a super- 
symmetric one if it has the same value of J^. 

To understand this situation, we should not forget the 
fifth direction. Although the effective spacetime looks 
four-dimensional, there is a small circle S 1 with the ra- 
dius i?5 in the fifth direction. In the Kaluza-Klcin theory, 
when we compactify the five-dimensional spacetime on 
four-dimensional one, we find not only four-dimensional 
gravity but also an electromagnetic field and a scalar field 
coming from the metric in the compactified dimension. 
When we consider the far region in the present solution, 
the four-dimensional metric does not contain A$, but 
it appears as the "electromagnetic" field. So, when we 
analyze the asymptotic structure of this spacetime, we 
have to discuss the Einstein-Maxwell system. We can 
check that supersymmetry is preserved if and only if the 
magnitude of rotation (A<f,) balances with that of the 
"electromagnetic" field (A^). 

IV. CONCLUDING REMARKS 

In this paper we have presented a supersymmetric ro- 
tating solution with asymptotically flat four-dimensional 
spacetime times a circle. It is constructed by superpos- 
ing infinite number of BMPV black holes aligned in the 
fifth direction in five dimensions. This is possible because 
the solution is supersymmetric and so the field equation 
governing the solution is linear. We have examined its 
properties including mass, area and entropy. Consider- 
ing the five-dimensional solution from the asymptotical 
four-dimensional point of view, we have also shown that 



the rotation parameter of maximally rotating black hole 
exceeds unity (the Kerr bound) if the size of black hole 
is small (r g < (32/27)i? 5 ). 

It would be interesting to compare our solution with 
another supersymmetric rotating black hole solution 
with asymptotically flat four-dimensional spacetime (the 
RING black hole). However, because those solutions con- 
tain different type of charges, such a comparison may not 
make sense, even if we fix four-dimensional observables 
such as the ADM mass M, angular momentum J (or a 
rotation parameter q = J/G4M 2 ) of a black hole, and a 
compactification radius R 5 . 

So far, not so many supersymmetric rotating solutions 
with asymptotically flat four-dimensional spacetime (+ 
small extra dimension) are known. It would be interest- 
ing to find further examples of effective four-dimensional 
rotating supersymmetric solutions and study their prop- 
erties. 
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